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Abstract. Conventionally, fine sediment transport is evaluated in terms of advection-diffusion equation of sus-
pended sediment in which the erosion rate of sediment from the bedload layer plays a significant role. The present
study aims to evaluate the riverbed evolution and associated morphological changes in fine sediment dominated
Bhairab River of Bangladesh by a depth integrated two-dimensional numerical model. The erosion rate of bed
sediment has been evaluated by two approaches. The first approach applies the fall velocity of the sediment
particle and equilibrium reference sediment concentration. The other employs the entrainment velocity concept.
The results obtained from numerical simulations are verified by the field investigations. The results suggest that
the riverbed evolution and morphological changes predicted with the entrainment velocity concept show better
agreement with the data obtained from the field investigations.

1 Introduction

Most of the riverbeds in Bangladesh are composed of fine-
grained sediment that is easily entrained, slowly settled, re-
mained in suspension, transported by flow over a long dis-
tance before settling and actively involved in the riverbed
evolution and morphological changes. Many researchers
such as Celik and Rodi (1988) have studied the mechan-
ics of fine sediment transport and associated morphologi-
cal changes taking the support of numerical model simu-
lations. Depth-averaged equations comprised of governing
equations for water flow, mass conservation for bedload and
suspended sediment have been employed in these studies.
The mass conservation of the suspended sediment is eval-
uated by advection–diffusion equation that contains erosion
rate or sediment entrainment rate term and deposition rate
term. The advection-diffusion equation for suspended sedi-
ment in non-equilibrium condition is as follows:
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where c is the depth-averaged concentration of suspended
sediment in the water column, h is the thickness of upper
flow layer where sediment remain in suspension, u and v are
the depth-averaged velocities in the x and ydirections, and εx
and εy are the mixing coefficients in the x and y directions,
E is the entrainment rate or erosion rate of the sediment from
the bedload layer (hereinafter erosion rate term),D is the de-
position rate of sediment from water column above the bed-
load layer.

Several formulas are available in literature for the ero-
sion rate term emanating from the difference in the treat-
ment of the sediment kinematics and the equilibrium refer-
ence sediment concentration (cae). Many researchers such
as, Itakura and Kishi (1980), Van Rijn (1984, 1986), Gar-
cia and Parker (1991) have proposed formulae for deter-
mining cae and computed erosion rate as E = caew0, where
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w0 is the fall velocity of the sediment particle. Garcia
and Parker (1991) compared seven relations proposed by
Einstein (1950), Engelund and Fredsoe (1976), Smith and
McLean (1977), Itakura and Kishi (1980), Van Rijn (1984),
Celik and Rodi (1984), Akiyama and Fukushima (1986) for
entrainment rate of non-cohesive sediment into suspension
and concluded that the relations proposed by van Rijn and
Smith and McLean perform show better agreement against
a common set of experimental data. Findings from investi-
gations on the mechanics of suspended sediment-laden flow
as well as data from the experimental and field observations
have revealed that the conventional methods overestimate cae
(Itakura and Kishi, 1980; Garcia and Parker, 1991). Harada
et al. (2022) compared the equilibrium reference suspended
sediment concentration obtained using the methods proposed
by them and the formulas proposed by Van Rijn (1986),
Itakura and Kishi (1980) and Garcia and Parker (1991). They
found that the formula proposed by Van Rijn (1986), Itakura
and Kishi (1980) and Garcia and Parker (1991) exhibit higher
sediment concentration for sediment particles having w0/u∗
in the range of 0.01 to 0.1.

Noticeable deviations are noted among studies when cae
from field observations and experimental investigations are
plotted against w0/u∗ where, u∗ is the shear velocity and de-
fined as u∗ =

√
ghie and ie is the energy slope. Moreover,

riverbed having sediment diameter several tens of microme-
tres and w0/u∗ falls out lower range, difficulties arise to ap-
ply cae chart and predicted erosion rates by the conventional
formulae are relatively high (Harada and Egashira, 2020;
Harada et al., 2022). Density stratification during the high
flow conditions significantly affects the suspended sediment
transport (Wright and Parker, 2004). The density stratifica-
tion effects tend to be greater in large, low-slope rivers. To
solve such difficulties, Harada and Egashira (2020) have in-
troduced the entrainment velocity concept that rooted on the
density stratified flows. They also have developed a method
to evaluate erosion rate for very fine sediment and validated
it by data from flume tests.

Bedload transport is crucial to maintain stable channel in
sand bed rivers. Lateral diffusive transport of suspended sed-
iment from the central region of the river increases the sus-
pended sediment concentration besides deposition rate near
the bank region. The deposited sediment returns to the cen-
tral region as later bedload under the influence of gravity.
A stable channel cross section is achieved when the lateral
diffusive transport of suspended sediment is balanced by the
lateral bedload (Parker, 1978; Ikeda and Izumi, 1991). Es-
timation of the bedload transport depend on the functional
form of bedload transport rate formulae. Most of the usually
applied formulae such as, formulae proposed by Meyer-Peter
and Müller (1948), Ashida and Michiue (1972) can be ex-
pressed in terms of shear stress excess or its equivalent and
have a functional form of τ 1.5

∗ for high bed shear stress, here
τ∗ is the non-dimensional bed shear stress. Bedload rates us-
ing such formulae for high bed shear stress is independent

of sediment size. There are bedload rate formulae with its
functional form of τ 2.5

∗ (e.g., Egashira et al., 1997) in which
the bedload rates are contrariwise proportional to sediment
particle size. Harada and Egashira (2020) has proposed the
visco-coulomb model to evaluate bedload rates for very fine
sediment which has been derived from the velocity profile in
bedload layer and is expressed as follows:

qb =
cs

6
u∗hs

υ
u∗hs. (2)

where qb is the bedload rate, cs is the depth-averaged concen-
tration of sediment in the bedload layer, hs is the thickness of
bedload layer, ν is the kinematic viscosity. The bedload layer
thickness is expressed as follows:

hs

h
=

tanθ
(σ/ρ− 1)cs tanφ

. (3)

where tanθ is the bed slope that, under non-uniform flows
slowly varying in space, can be replaced by energy slope, σ
and ρ is the mass density of sediment and water respectively,
φ is the angle of friction.

The present study aims to evaluate the riverbed evolution
and associated morphological changes in a fine sediment-
dominated Bhairab River of Bangladesh using a depth-
averaged two-dimensional model. To do so, we have esti-
mated the erosion rate by applying the entrainment veloc-
ity concept as well as by the conventional method. The bed-
load rates are evaluated by bedload formulae having func-
tional form τ 1.5

∗ and τ 2.5
∗ as well as by the visco-coulomb

model. Moreover, the applicability of newly proposed for-
mula of erosion rate by Harada and Egashira (2020) is dis-
cussed comparing with existing formulae.

2 Characteristic of study area

Bhairab River an alluvial meandering river is one of the right
bank distributaries of the Ganges River that originates at
Murshidabad district of West Bengal, India and enters into
Bangladesh near Meherpur district. The total length within
Bangladesh and average width is about 90 km and 60 m, re-
spectively. The study reach is about 25 km long. Based on
Landsat images from 1978 to 2016, bank lines of the Bhairab
River have minor shifting tendency over the past thirty-eight
years. Currently, Bhairab is disconnected from the Ganges
River. Thus, the river is no more fed by the water and sed-
iment from the Ganges River. The sediment load originates
mainly from the riverbed which gives an opportunity to un-
derstand the entrainment rate of the fine sediment from the
riverbed. Figure 1 shows that the downstream part of the river
more meandering in nature comparing to the upstream part.
The longitudinal bed slope of is 3.5 cm km−1. The riverbed is
composed of sediment havingD50 = 46 µm and average sus-
pended sediment concentration varies from 50 to 70 mg L−1.
Figure 2shows that there are no significant changes in grain
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Figure 1. Planform of the part of Bhairab River within Bangladesh
and elevation profile of study reach together with locations of the
measured cross-sections.

Figure 2. Grain size distribution of bed and bank materials.

size distributions of riverbed and bank materials and thus be-
tween the floodplain and riverbed. In 2000, the river expe-
rienced maximum discharge of 140 m3 s−1. However, mini-
mum flow was found to be less than 1 m3 s−1.

3 Governing equations for numerical model

To assess riverbed evolution and morphological changes, we
have employed mass conservation equations for upper flow
layer with suspended sediment, and for lower flow layer in
which bedload dominates, besides the governing equations
for the water flow. The governing equations are as follows:
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where where, t is the time, x and y are the coordinate in
flow direction and transverse to flow direction, g is the ac-
celeration due to gravity, σxx , σyy , τxy and τyx are the depth-
averaged Reynolds stresses, τx and τy are the x and y compo-
nents of bed shear stress (τb), zb is the river bed elevation, qbx
and qby are the x and y components of the bedload rate (qb),
λ is the porosity. The bed shear stress and depth averaged
Reynolds-stresses are evaluated by conventional method.

We have applied three methods: (a) conventional for-
mula (Ashida and Michiue, 1972) (b) visco-coulomb formula
(Harada and Egashira, 2020) and (c) Egashira et al. (1997)
formula to evaluate the bedload rates. The erosion rate is
evaluated by conventional method (Itakura and Kishi, 1980)
as well as by entrainment velocity concept (Harada and
Egashira, 2020). Equilibrium sediment concentration (ce)
and entrainment velocity (We) for the latter approach that
rooted on density stratified flow and are expressed as follows:
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where Ri∗ is the Richardson number, e is the entrainment co-
efficient, f is the Darcy–Weisbach friction factor that defined
as u/u∗ =

√
8/f , K = 1.5× 10−3 (Egashira and Ashida,

1980). Nays2dh solver (Asahi et al., 2013) with appropriate
modifications is applied for conducting the numerical sim-
ulations with the help of International River Interface Co-
operative (iRIC) graphical user interface. Finite difference
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Table 1. Numerical simulations conditions adopted in the present study.

Case Flow Bedload treatment Erosion rate

1-1 Constant (160 m3 s−1) Ashida and Michiue (1972) Itakura and Kishi (1980)

1-2 Hydrograph Ashida and Michiue (1972) Itakura and Kishi (1980)

2-1 Constant (160 m3 s−1) Egashira et al. (1997) Turbulent entrainment
(Harada and Egashira, 2020)

2-2 Hydrograph Egashira et al. (1997) Turbulent entrainment
(Harada and Egashira, 2020)

3-1 Constant (160 m3 s−1) Density current
(Harada and Egashira, 2020)

Turbulent entrainment
(Harada and Egashira, 2020)

3-2 Hydrograph Density current
(Harada and Egashira, 2020)

Turbulent entrainment
(Harada and Egashira, 2020)

scheme with general coordinate systems is employed to con-
duct the numerical computations.

4 Results and discussions

4.1 Calculation conditions

A total of 6 simulations have been conducted considering
uniform sediment bed having D50 of 46 µm. Two types of
flow (a) constant discharge of 160 m3 s−1 and (b) flow hy-
drograph as shown in Fig. 3 are supplied from the upstream
boundary. The flow conditions are defined in order to un-
derstand the erosion-deposition process during the peak dis-
charge as well as under the non-uniform flow condition. The
computational domain is long enough. There are no time se-
ries of measured water levels at the downstream boundary.
Therefore, it is assumed that the water surface at downstream
boundary is parallel to the river bed surface and the flow
condition in the downstream boundary is defined as uniform
flow. The initial bed elevation is defined based on the mea-
sured bathymetric data. There are no measured sediment data
at the upstream boundary. Therefore, the sediment boundary
condition is defined by assuming an exponential distribution
of suspended sediment in vertical direction and equilibrium
sediment concentration profile for the conventional method.
The computational domain is divided into 11 420 grids hav-
ing 1x = 35 m and 1y = 12 m. The time step for numerical
simulation is 0.5 s. The details of numerical simulations con-
ditions are shown below in Table 1.

4.2 Riverbed evolution and morphological changes

Figure 4 is the results showing the riverbed evolution in terms
of riverbed aggradation and degradation obtained by numer-
ical simulations using bedload formulae having functional
form proportional to τ 1.5

∗ (Ashida and Michiue, 1972). The
erosion rate of bed sediment is evaluated by conventional
method following the formula of Itakura and Kishi (1980).

Figure 3. Flow hydrograph supplied at upstream boundary during
numerical simulations.

Figure 4a is the resultant riverbed level changes after passing
a constant discharge (160 m3 s−1) for 20 d, whereas Fig. 4b
shows the results after passing the hydrograph as shown in
Fig. 3. Figure 4a shows that riverbed degradation takes place
actively along the channel centre with riverbed aggradation
in bank region. Figure 4b shows riverbed degradation around
the bend. However, in both cases, more than 7 m of river bed
aggradation and degradation is observed.

Figure 5a shows the results of riverbed aggradation and
degradation that are obtained from numerical simulations by
employing visco-coulomb model for the bedload rate. Fig-
ure 5b is the results showing riverbed evolution by bedload
a formula having functional form proportional to τ 2.5

∗ . In
both cases, erosion rate is evaluated by applying the entrain-
ment velocity concept. The results indicate active bed low-
ering around the bend. The bed degradation in conventional
method is about 3 times higher comparing to the same in the
entrainment velocity concept.

The difference instigates due to the treatment of sediment
entrainment. The results suggest that the equilibrium refer-
ence sediment concentration determined by the conventional
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Figure 4. Riverbed evolution based on Ashida and Michiue (1972)
and Itakura and Kishi (1980) formulae for (a) constant discharge,
(b) for hydrograph.

method is comparatively high. Figure 6 is the actual changes
in cross-section in the field at XS-5, XS-6 and XS-7 between
2016 to 2020. XS-5 is located at the upstream and XS-7 is
located at downstream. The observed data shows very small
riverbed degradation at each of the cross-sections. This in-
dicates the erosion and deposition process are almost bal-
ancing each other. Figure 7 shows simulated cross-section at
XS-7 after 20 d for a constant discharge of 160 m3 s−1. The
results suggest active bed degradation at the channel centre
for the computation with conventional method. According to
Harada et al. (2022), equilibrium reference suspended sedi-
ment concentration predicted with the orthodox approaches
exhibits higher sediment concentration for fine sediment par-
ticles. The erosion rate which is the product of equilibrium
reference suspended sediment concentration and the particle

Figure 5. Riverbed evolution for constant discharge (a) visco-
coulomb and (b) Egashira et al. (1997) formula with entrainment
velocity concept.

fall velocity results comparatively higher value. The simu-
lated results also show similar tendency which differ from
the data obtained from the field observations The results ob-
tained with the entrainment velocity concept are found to
capture the bed degradation process and show better agree-
ment with the data from field investigations.

5 Summary

Suspended sediment transportation has a remarkable non-
equilibrium characteristic. The present study discusses
riverbed evolution and associated morphological changes
based on the results of numerical simulations and field ob-
servation in a reach of Bhairab River in Bangladesh where
the riverbed is composed of very fine sediment. Results of
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Figure 6. Changes in riverbed between 2016 and 2020 at (a) XS-5
(b) XS-6 and (c) XS-7 based on measured data.

the present study primarily support the following main con-
clusions:

1. Erosion rates evaluated with entrainment velocity con-
cept and equilibrium sediment concentration produce
noticeable dissimilarities in the channel planform from
identical initial channel geometry, riverbed slope, sed-
iment size distribution and roughness conditions after
experiencing similar flow condition.

2. The predicted bed degradation with the conventional
method is about 3 times higher comparing to the same
in the entrainment velocity concept.

3. The cross-section profiles obtained from numerical sim-
ulations with entrainment velocity concept are consis-
tent with the data from field investigations.

Figure 7. Comparison between river cross-sections at XS-7 based
on simulated data using conventional method, visco-coulomb and
Egashira et al. (1997) using a constant discharge of 160 m3 s−1.

4. It is extremely difficult to examine the applicability of
the bed-load equation to a suspended sediment dom-
inated river. The present simulations have been con-
ducted based on measured bathymetric and grain size
distribution data only. Considering the issue of limited
measured data and uncertainty of sediment transport,
the results will be further verified based on the rigorous
field observations.
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2022) can be accessed from the relevant webpage of iRIC (https:
//i-ric.org/en/, last access: 18 March 2024).

Data availability. Data and meta-data which are utilized in the
present study are available upon request to the corresponding au-
thor.

Author contributions. RKB, SE and DH conceived of the pre-
sented idea and contributed to the development of the theory. RKB
collected the data from the field level, performed the numerical
computations. All the authors verified the analytical methods. SE
encouraged RKB to investigate the applicability of the entrainment
velocity concept and supervised the findings of this study. All au-
thors discussed the results and contributed to the final manuscript.

Competing interests. At least one of the (co-)authors is a guest
member of the editorial board of Proceedings of IAHS for the spe-
cial issue “ICFM9 – River Basin Disaster Resilience and Sustain-
ability by All”. The peer-review process was guided by an indepen-

Proc. IAHS, 386, 229–235, 2024 https://doi.org/10.5194/piahs-386-229-2024

https://i-ric.org/en/
https://i-ric.org/en/


R. K. Biswas et al.: Application of Entrainment Velocity Concept 235

dent editor, and the authors also have no other competing interests
to declare.

Disclaimer. Publisher’s note: Copernicus Publications remains
neutral with regard to jurisdictional claims made in the text, pub-
lished maps, institutional affiliations, or any other geographical rep-
resentation in this paper. While Copernicus Publications makes ev-
ery effort to include appropriate place names, the final responsibility
lies with the authors.

Special issue statement. This article is part of the special issue
“ICFM9 – River Basin Disaster Resilience and Sustainability by
All”. It is a result of The 9th International Conference on Flood
Management, Tsukuba, Japan, 18–22 February 2023.

Acknowledgements. The authors would like to express sincere
gratitude to Bangladesh Water Development Board (BWDB), Insti-
tute of Water Modelling (IWM), Bangladesh and International Cen-
ter for Water Hazards and Risk Management (ICHARM), Japan for
their support throughout the study. The data and information pro-
vided by IWM have played an important role in this study. The
authors also express thankfulness to the anonymous reviewers for
their constructive comments.

Review statement. This paper was edited by Kensuke Naito and
reviewed by two anonymous referees.

References

Akiyama, J. and Fukushima, Y.: Entrainment of noncohesive sed-
iment into suspension, 3rd Int. Symp. on River Sedimentation,
edited by: Wang, S. Y., Shen, H. W., and Ding, L. Z., Univ. of
Mississippi, 804–813, ISBN 0937099007, 1986.

Asahi, K., Shimizu, Y., Nelson, J., and Parker, G.: Numerical simu-
lation of river meandering with self-evolving banks, J. Geophys.
Res.-Earth, 118, 2208–2229, https://doi.org/10.1002/jgrf.20150,
2013.

Ashida, K. and Michiue, M.: Study on hydraulic resistance and bed-
load transport rate in alluvial streams, Proc. JSCE, 206, 59–69,
1972.

Celik, I. and Rodi, W.: A deposition entrainment model for sus-
pended sediment transport, Report SFB 210/T/6, Universitat
Karlsruhe, Karlsruhe, West Germany, 1984.

Celik, I. and Rodi, W.: Modeling suspended sediment transport in
non-equilibrium situations, J. Hydraul. Eng., 114, 1157–1197,
https://doi.org/10.1061/(ASCE)0733-9429(1988)114:10(1157),
1988.

Einstein, H. A.: The bed load function for sediment transportation
in open channels. Technical Bulletin 1026, U.S. Dept. of Agric,
Soil Conservation Service, Washington DC, 1950.

Egashira, S. and Ashida, K.: Studies on the structures of density
stratified flows, Bulletin of DPRI Kyoto Univ., 29, 165–198,
1980.

Egashira, S., Miyamoto, K. and Itoh, T.: Constitutive equations of
debris flow and their applicability, Int. Conf. on Debris-Flow
Hazards Mitigation: Mechanics, Prediction, and Assessment,
Proceedings, 340–349, https://doi.org/10.13140/2.1.4623.7122,
1997.

Engelund, F. and Fredsoe, J.: A sediment transport model
for straight alluvial channels, Nordic Hydrol., 7, 293–306,
https://doi.org/10.2166/nh.1976.0019, 1976.

Garcia, M. and Parker, G.: Entrainment of bed sedi-
ment into suspension, J. Hydraul. Eng., 117, 414–435,
https://doi.org/10.1061/(ASCE)0733-9429(1991)117:4(414),
1991.

Harada, D. and Egashira, S.: Erosion rate of bed sediment in terms
of entrainment concept, Proc. of the 22nd IAHR-APD Congress,
Sapporo, Japan, 14–16 September 2020, ID 1-2-3, 2020.

Harada, D., Egashira, S., Ahmed, T. S., and Ito, H.: Entrainment of
bed sediment composed of very fine material, Earth Surf. Proc.
Land., 47, 3051–3061, https://doi.org/10.1002/esp.5442, 2022.

Ikeda, S. and Izumi, N.: Stable channel cross section of
straight sand rivers, Water Resour. Res., 27, 2429–2438,
https://doi.org/10.1029/91WR01220, 1991.

iRIC: iRIC Developer’s manual, Release 3.0.0, https:
//iric-solver-dev-manual.readthedocs.io/_/downloads/en/v3_
en/pdf/ (last access: 18 March 2024), 2022.

Itakura, T. and Kishi, T.: Open channel flow with sus-
pended sediments, J. Hydraul. Div., 106, 1325–1343,
https://doi.org/10.1061/JYCEAJ.0005483, 1980.

Meyer-Peter, E. and Müller, R.: Formulas for bed-load transport,
IAHSR 2nd meeting, Stockholm, Sweden, 7–9, VI. 1948, ap-
pendix 2 ,39–64, 1948.

Parker, G.: Self-formed straight rivers with equilibrium banks and
mobile bed, Part 1. The sand-silt river, J. Fluid Mech., 89, 109–
125, 1978.

Shimizu, Y. and Takebayashi, H.: Nays2DH Solver Man-
ual, https://i-ric.org/webadmin/wp-content/uploads/2018/12/
Nays2DH_SolverManual_English_v4.pdf (last access: 18
March 2024), 2011.

Smith, J. D. and McLean, S. R.: Spatially averaged flow
over a wavy surface, J. Geophys. Res., 82, 1735–1746,
https://doi.org/10.1029/JC082i012p01735, 1977.

Van Rijn, L. C.: Sediment transport, Part II: Suspended
load transport, J. Hydraul. Eng., 110, 1613–1641,
https://doi.org/10.1061/(ASCE)0733-9429(1984)110:11(1613),
1984.

Van Rijn, L. C.: Mathematical modeling of suspended sedi-
ment in non-uniform flows, J. Hydraul. Eng., 112, 433–455,
https://doi.org/10.1061/(ASCE)0733-9429(1986)112:6(433),
1986.

Wright, S. and Parker, G.: Density stratification effects
in sand-bed rivers, J. Hydraul. Eng., 130, 783–795,
https://doi.org/10.1061/(ASCE)0733-9429(2004)130:8(783),
2004.

https://doi.org/10.5194/piahs-386-229-2024 Proc. IAHS, 386, 229–235, 2024

https://doi.org/10.1002/jgrf.20150
https://doi.org/10.1061/(ASCE)0733-9429(1988)114:10(1157)
https://doi.org/10.13140/2.1.4623.7122
https://doi.org/10.2166/nh.1976.0019
https://doi.org/10.1061/(ASCE)0733-9429(1991)117:4(414)
https://doi.org/10.1002/esp.5442
https://doi.org/10.1029/91WR01220
https://iric-solver-dev-manual.readthedocs.io/_/downloads/en/v3_en/pdf/
https://iric-solver-dev-manual.readthedocs.io/_/downloads/en/v3_en/pdf/
https://iric-solver-dev-manual.readthedocs.io/_/downloads/en/v3_en/pdf/
https://doi.org/10.1061/JYCEAJ.0005483
https://i-ric.org/webadmin/wp-content/uploads/2018/12/Nays2DH_SolverManual_English_v4.pdf
https://i-ric.org/webadmin/wp-content/uploads/2018/12/Nays2DH_SolverManual_English_v4.pdf
https://doi.org/10.1029/JC082i012p01735
https://doi.org/10.1061/(ASCE)0733-9429(1984)110:11(1613)
https://doi.org/10.1061/(ASCE)0733-9429(1986)112:6(433)
https://doi.org/10.1061/(ASCE)0733-9429(2004)130:8(783)

	Abstract
	Introduction
	Characteristic of study area
	Governing equations for numerical model
	Results and discussions
	Calculation conditions
	Riverbed evolution and morphological changes

	Summary
	Code availability
	Data availability
	Author contributions
	Competing interests
	Disclaimer
	Special issue statement
	Acknowledgements
	Review statement
	References

