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Abstract. Statistical detection of trends in hydrometeorological time series is a crucial task when revealing how
river systems react to environmental and human-induced changes. It was shown that the autocorrelation structure
of a series influences the power of parametric and nonparametric trend tests. While the order of short-memory
processes can be sufficiently captured by AR(I)MA models, the determination of the Hurst exponent, which
describes the long memory, is still challenging, considering that the available methods partially give different
results. In the Elbe River basin, Europe, several studies focusing on the detection (or description) of long-term
persistence were performed. However, different lengths of series and different methods were used. The aim of the
present work is to gather the results gained in various parts of the Elbe basin in Central Europe and to compare
them with our estimation of the Hurst exponent using six discharge series observed in selected subbasins. Instead
of the dependence of the exponent on the catchment area suggested by the theory of aggregated short-memory
processes, we rather found a relationship between this parameter and the series length. As the theory is not
supported by our findings, we suppose that the Hurst phenomenon is caused by a complex interplay of low-
frequency climate variability and catchment processes. Experiments based on distributed water balance models
should be the further research objective, ideally under the umbrella of mutual international projects.

1 Introduction

The question of the existence and cause for trends in hydrom-
eteorological (HM) time series has already been posed since
the 19th century (e.g. v. Berg, 1867). In the course of the
20th century, predominantly nonparametric trend tests have
been employed to analyze HM series. Theoretical works have
shown (often through Monte Carlo experiments; e.g. Yue et
al., 2002a) that these classical tests, although powerful in
many cases (e.g. Yue et al., 2002b), are in fact sensitive to
the violation of the assumption of independence in time se-
ries. Because HM series, as well as many other geophysi-
cal series, often reveal autocorrelation which is incompati-
ble with that assumption, many modifications of trend tests
came into being. This especially applies to the assumption
of short-term persistence (STP) in HM time series that can
be addressed by AR(I)MA models (or their variants) before
utilizing trend tests themselves. However, building on others,

Hamed (2008) showed that also long-term persistence (LTP)
can adversely affect trend analyses through influencing the
variance of test statistics.

Bearing the afore-mentioned facts in mind, we focus here
specifically on the Elbe River basin located in Europe for
which the decision on the presence of LTP in various HM se-
ries is very important for predicting the future development
of discharge response to climate change, especially in con-
nection with better estimating the uncertainty limits, which
should be beneficial for future activities related to the Elbe
and its tributaries, such as river navigation, water supply, hy-
dropower production, irrigation, and so on. As there has been
neither a closing result about the causes of LTP in HM series
nor a single superior approach to the estimation of its pa-
rameter H , we offer a concise overview of the state of the
discussion and put our own results into the context outlined
by the outcomes of previous studies.
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2 Theoretical background

The Hurst phenomenon (along with LTP) is well known
among today’s hydrologists. Therefore, we only stress some
important points and possible misconceptions. An overview
of the history of investigating LTP can be found in Be-
ran (1994), Graves et al. (2017) or Montanari (2003). Hurst
analysed the rescaled range R (see Sect. 3.1) as a measure
of reservoir capacity and found that for many runoff series
Eq. (1) applies:

R/S ∝NH , (1)

with standard deviation S, sample size Nand the parame-
ter H taking a mean value of 0.73 which differs clearly
from the theoretical value 0.5 (Montanari, 2003). This is
equivalent to the fact that the series autocorrelation func-
tion does not decay exponentially, but follows a power law
and diverges. A large part of the amazement, these find-
ings have caused, originates from the assumptions that runoff
can be characterized by a stationary process for which H
about 0.5 is expected. Mandelbrot and Van Ness (1968) and
Mandelbrot and Wallis (1968) proposed a statistical model
based on stationarity that should account for LTP: the frac-
tional Brownian motion (fBm) model, which brought two
other terms: infinity and self-similarity. Unwittingly, this
model maybe pushed the search for the comprehension of the
Hurst effect towards an unfavourable direction. The Gaus-
sian distributed random process underlying runoff was al-
ready questioned by Louis M. Laushely in the discussion
part of Hurst’s seminal paper (Hurst, 1951). Even Hurst him-
self mentioned shifting mean as a possible reason for the
phenomenon (Montanari, 2003). Eventually, Mandelbrot and
Wallis (1968) stated that models underestimate the complex-
ity of hydrological fluctuations and considered fluctuations
on all timescales: macrometeorological, anthropological, cli-
matological and paleoclimatological (Mandelbrot and Wal-
lis, 1969). The fBm model was therefore never supposed
to provide an explanation for LTP discovered in runoff se-
ries, but rather to be a tool able to simulate these series
in a satisfactory manner. Although Mandelbrot and Wal-
lis (1969) explained how the term “infinity” should be under-
stood, a number of hydrologists refused to use the fBm ap-
proach together with its spooky “infinite memory” and con-
sidered LTP a mysterious intrinsic property of runoff series
whose stochastic behaviour should be distinguished from de-
terministic trends (e.g. Kantelhardt et al., 2001). The concept
was already questioned early by others. For example, Kle-
meš (1974) wondered “by what sort of physical mechanism”
a measured value should be dependent on all previous val-
ues. Later, the operational school drew a lot of criticism. Kle-
meš (1978) stated that it failed “to see that the statistical and
stochastic properties of hydrologic processes have definite
physical causes”. Mesa and Poveda (1993) wrote that “the
so-called Hurst effect and other related anomalities are prob-
ably the result of a mixture of scales more than infinite mem-

ory. Knowledge of those scales is a more fundamental issue
from a physical viewpoint”. Beran (1994) demanded mod-
els “that can be explained by the physical mechanism that
generates the data”. One example of such a model is the con-
cept of storage cascade mechanisms, which was proposed by
Klemeš (1974), and in which Mudelsee (2007) saw the expla-
nation for the Hurst phenomenon. However, Klemeš (1974)
also postulated that LTP observed in hydrological series is
caused by a complex interplay of different processes on dif-
ferent scales. This postulate, as Montanari (2003) stated, can
nowadays have a broad acceptation within the hydrological
community.

There are different approaches to quantify the strength of
LTP through the parameter H called the Hurst exponent (or
coefficient). In the following section, we briefly describe the
two methods that have been applied in the Elbe River basin
and also in our case study.

3 Estimation methods

We used (1) rescaled range (R/S) analysis which is based on
the works of Hurst (1951) and Mandelbrot and Wallis (1969),
and (2) detrended fluctuation analysis (DFA) which was pro-
posed by Peng et al. (1994). With regard to validity and
performance, Willems and Min (2016) compared functions
of the programming language R which have implemented
R/S or DFA. Inspired by the review, we used the package
“pracma” (Borchers, 2019) for R/S and the package “non-
linearTseries” (Garcia, 2020) for DFA.

3.1 Rescaled range analysis

The adjusted range (R) is defined as the difference between
the most positive and the most negative departures from the
mean cumulated (discharge) curve, which is normalized by
the sample standard deviation (S) to get the rescaled adjusted
range statistic R/S(n). The procedure can be formalized as
in Eq. (2):

R/S (n)=
max1≤k≤n{Yk −

k
n
Yn}−min1≤k≤n{Yk −

k
n
Yn}√

1
n

∑n
k=1

(
Xk −

1
n
Yn

)2
,

(2)

where Xk is a sequence of random variables and Yn the nth
partial sum X1+ . . .+Xn. The parameter H can then be es-
timated by the slope of a double logarithmic plot of R/S(n)
against n/2 (for details see e.g. Graves et al., 2017).

3.2 Detrended fluctuation analysis

The idea behind DFA is to remove trends prior estimating the
scaling behaviour. It is also based on the sequence of partial
sums Yn which is divided into segments of equal length s. For
each segment, a polynomial regression model is fitted to the
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part of the time series and subtracted from it. Subsequently,
the variance σ is calculated for each segment. The fluctuation
function is the square root of the average variance subject

to the segment width: F (s)=
√

1
2Ns

∑2Ns
t=1σ (t, s). Similar to

R/S analysis, H can be estimated by the slope of a double
logarithmic plot of F (s) against s.

4 Overview of studies performed in the Elbe basin

Mudelsee (2007) fitted an ARFIMA(1, d, 0) model to the
data of six water-gauging stations in the Elbe basin and ana-
lyzed if there was a correlation between catchment area and
LTP. Although Mudelsee (2007) pointed out that, using a per-
mutation test, a positive relationship was found also in the
case of the Elbe basin, looking at the figures presented in that
paper, one could argue that such a finding might be question-
able.

Marković and Koch (2005) analyzed LTP in monthly high
flows at the gauge Dresden (Elbe) and compared six different
estimation methods which were applied to the raw data and to
four time series derived by various filtering techniques. The
comparison of methods, such as R/S analysis or the level
of zero crossings approach, resulted in a wide range of H
estimates.

Kantelhardt et al. (2006) analyzed daily runoff series of
the gauge Dresden, covering the period 1852–2002. Through
DFA, they found that H = 0.80.

Markovic and Koch (2014) determined H from discharge
records of the gauges Neu Darchau (on the Elbe) and Nieder-
striegis (Mulde). Analyzing raw data, they found that for Neu
DarchauH = 0.80 and for NiederstriegisH = 0.63. After fil-
tering the series (i.e. subtracting annual and low-frequency
components), they observed considerable decreases of H .
They concluded that LTP in discharge was caused by sea-
sonal and decadal variability.

Regarding the Czech part of the Elbe basin, mainly Led-
vinka (2014, 2015a, b) carried out several calculations that
incorporated also a number of water-gauging stations rel-
evant to this study. Three series of mean daily discharge
from the Ore Mts. (i.e. one of the headwater areas of the
Elbe basin) were subjected to wavelet and R/S analyses, and
to the aggregated variance method. Also, maximum likeli-
hood estimation of the fractional differencing parameter for
ARFIMA models was conducted. Unexpectedly, quite high
values of H were detected. Furthermore, it was found that
many series involving indices related to hydrological drought
in Czechia reveal high values of H as well, which was con-
firmed by unit root tests. On the other hand, precipitation se-
ries in Czechia for the period 1961–2012 showed no LTP
(Ledvinka, 2015c). The differences between discharge and
climate variables from this point of view, using selected sta-
tions within the Czech part of the Elbe basin, were high-
lighted also in Ledvinka and Jedlicka (2018).

Figure 1. Location of six water-gauging stations selected for the
case study within the Elbe River basin.

5 Case study

For our own analyses, we selected six discharge time se-
ries representing small tributaries in the central part of
the Elbe basin close to the borders between Germany and
Czechia. All gauges are located within a mountain range (see
Figs. 1–2): Aue 1 (on the Schwarzwasser), Rothenthal (on
the Natzschung) and Dohna (on the Müglitz) belong to the
Ore Mts.; Elbersdorf (on the Wesenitz), Porschdorf 1 (on the
Lachsbach) and Kirnitzschtal (on the Kirnitzsch) belong to
the Elbe Sandstone Mts. The period, for which all gauges
have complete mean daily discharge data, spans from 1929
to 2005. The gauges Kirnitzschtal and Porschdorf 1 had, at
the time of writing, the longest time series (i.e. 1911–2017).
The Hurst exponent was calculated using the R/S and DFA
methods based on mean monthly discharge time series which
were deseasonalized using the method described in Hipel and
McLeod (1994) and implemented in the R package “desea-
sonalize” (McLeod and Gweon, 2013). The results are sum-
marized in Table 1. For all gauges, we found that H > 0.5,
which means that, very likely, the series contain LTP. DFA
gives higher values for H and shows a higher variability
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Figure 2. Closer look at the catchments represented by investigated gauges, river network within the catchments and elevation conditions in
the case study area.

Table 1. Estimated H exponents for deseasonalized monthly mean
discharge time series (1929–2005).

Gauge R/S DFA

Aue 1 0.60 0.64
Dohna 0.60 0.66
Elbersdorf 0.65 0.82
Kirnitzschtal 0.63 0.73
Porschdorf 1 0.60 0.76
Rothenthal 0.68 0.71

in comparison to R/S. Figure 3 shows a plot of H against
catchment area. Based on the series of Porschdorf 1, Fig. 4
depicts how the estimates of H depend on varying sample
size. It is obvious that for both applied methods,H decreases
with increasing time series length.

6 Discussion and conclusions

The quantification of LTP in HM series is a difficult task, es-
pecially due to the fact that many estimation methods give
different results regarding the magnitude of the LTP param-
eter H . This is evident also from our case study where only
two methods were chosen (see Figs. 3–4). As shown in Fig. 4,
also the length of available time series influences the esti-
mation of H . Regarding the obvious tendency for H to de-
crease in Fig. 4, we must state that our series are still too
short to give a clear answer to the question about the gen-

Figure 3. The values of the Hurst exponent H against catchment
area.

eral behaviour of H for very long time series. Both conver-
gence to the value of 0.5 as well as to the value signifying
LTP might be possible. The issue of the time series length
was demonstrated very clearly for precipitation by Markonis
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Figure 4. Dependence of the estimates of the Hurst exponent H on
the length of analyzed series (shown for the Porschdorf 1 gauge).

and Koutsoyiannis (2016) who compared the behaviour of
instrumental records with that of much longer time series de-
rived from proxy data. However, when dealing with changes
or trends in hydrological regimes, LTP is a key player since
the outcomes of various tests strongly depend on the correct
setting of null hypotheses. As the instrumental records are
usually short, one should keep in mind the issues mentioned
above before constructing models for practical purposes such
as setting the lifetime of water works.

Overall, it is believed that LTP is stronger in discharge
time series than in other HM series. Today, many hydrol-
ogists suggest that LTP is inherited by discharge from the
low-frequency climate variability that may be reflected, for
instance, in precipitation. The discrepancy between the be-
haviour of discharge and precipitation could be explained by
physical processes similar to filtering (Milly and Wetherald,
2002). The theory that only aggregated short-memory pro-
cesses are the cause for LTP is somewhat contradictory to
our findings in the Elbe basin because the small catchments
here reveal relatively high values of the parameterH as well.
Moreover, Fig. 3 shows that there is no such dependence
suggested by Mudelsee (2007). Further research into this
topic should focus on the low-frequency variability of driv-
ing forces of runoff and their possible amplification by the
catchment system. Distributed water balance models can be
a tool for suitable experiments because studying time series
of components, such as soil moisture, groundwater recharge,
evapotranspiration and others, might give valuable answers
regarding interactions and thresholds occurring in the Elbe
River basin, many of which may still not be fully understood.

As already stated in several past papers (e.g. Koutsoyian-
nis, 2003, 2006; Koutsoyiannis and Montanari, 2007), not
considering LTP properly may in practice lead to underes-
timation of process variability that, moreover, needs to be
distinguished from change caused by external drivers. Es-
pecially in the fields of hydrology and water management,
this is a very difficult but important task for designing wa-
ter works. Therefore, the research into this topic should defi-
nitely continue.
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