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Abstract. The storage-discharge relations have been widely used for water resource management and have led

to reliable estimation of the impact of climate change on water resources. In a previous study, we carried out a

sensitivity analysis of the parameters in a discharge-storage relation in the form of a power function and found

that the optimum parameters can be characterized by an exponential function (Fujimura et al., 2014). The aim

of this study is to extend the previous study to clarify the properties of the parameters in the storage–discharge

relations by carrying out a sensitivity analysis of efficiency using a hydrological model. The study basins are four

mountainous basins in Japan with different climates and geologies. The results confirm that the two parameters

in the storage–discharge relations can be expressed in an inversely proportional relationship. In addition, we can

conveniently assume a practical function for the storage–discharge relations where only one parameter is used

on the basis of the new relationship between the two parameters.

1 Introduction

Low flow has been studied for more than 100 years because

it is the basis of water resources that play a significant role in

society through, for example, agricultural, industrial, and ur-

ban activities. The accurate estimation of low flow can con-

tribute to better water resource management in the present,

and in the future, more reliable evaluation of the impact of

climate change on water resources. Hall (1968) reviewed the

early studies on low flow, in which Horton (1936) had sug-

gested that the nonlinearity of the dischargeQwith respect to

the storage S can be expressed by the general power function

Q=KSN , (1)

where K is a constant and N is the storage exponent treated

as a parameter.

Although the storage–discharge relations for groundwater

runoff from unconfined aquifers have been treated as second-

order polynomial functions on the basis of the hydraulic in-

vestigation by Ding (1966), a general power function was

introduced into the unit hydrograph model for overland flow

and the parametersK andN were calibrated by Ding (2011).

The general power function of the storage-discharge relation

is written as

Q=KNSN . (2)

According to recent studies, the value of the exponent N is

varied between 1 and 3 or higher by calibration (e.g., Witten-

berg, 1994 and Ding, 2011); however, it is currently unclear

whether the optimum values of N and K follow a rule.

Fujimura et al. (2014) applied the general power function,

Eq. (2), for low flows in mountainous basins over a period

spanning more than 10 years using hourly data, and carried

out sensitivity analysis using a hydrological model for 19 900

sets of the two parameters K and N , in which the exponent

N was varied between 1 and 100 in steps of 0.5. The results

showed that the optimum relation between N and K could
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Figure 1. Locations of the four study basins: (a) Sameura Dam basin and Seto River basin within the Sameura Dam basin; (b) Shirakawa

Dam basin; and (c) Sagae Dam basin.

be characterized by the following exponential function:

K =
1

αNβ
, (3)

where α and β are constants. Moreover, the lowest error in

the sensitivity analysis was obtained when N was 100.

The aim of this study is to extend the previous study to

clarify the properties of the two-parameter K–N relations

by means of a sensitivity analysis of efficiency in which the

exponent N is varied between 1 and 100 000, which is in

the neighborhood of the exponential function, Eq. (3), us-

ing a hydrological model, for four mountainous basins in

Japan with different climates and geologies. Furthermore, we

present a practical equation for the storage–discharge rela-

tions by assuming N to be 100 for convenience of consider-

ing accuracy of simulations.

2 Study basins, data and model

The study basins are four mountainous basins located in

western and eastern Japan with very different climates and

geologies: the Sameura Dam basin (472 km2) and the Seto

River basin (53.7 km2) within the Sameura Dam basin, which

are located in the mountains of Shikoku and have variable

rainfall, and the Shirakawa Dam basin (206 km2) and the

Sagae Dam basin (233 km2), which are located in the Iide

mountains in the Tohoku region and have heavy snowfall.

The locations of the basins are shown in Fig. 1.

The topographies and geologies of the study basins are

shown in Table 1. Because the basins are located in moun-

tainous regions, the average elevations of basins are from

ca. 700 to 900 m. Geologically, Mesozoic metamorphic rock

formations occupy most of the Sameura Dam basin, and

Neogene volcanic rock formations are dominant in the Shi-

rakawa Dam basin. The Sagae Dam basin has Mesozoic plu-

tonic rock formations as well as Quaternary/Neogene vol-

canic rock formations.

Hourly rainfall data measured by the Ministry of Land,

Infrastructure and Transport and the Automated Meteorolog-

ical Data Acquisition System (AMeDAS) of Japan Meteoro-

logical Agency are used. The period of available hydrolog-

ical data is 20 years from 1 January 1991 to 31 December

2010 for the Sameura Dam basin, 11 years from 1 October

2003 to 30 September 2014 for the Shirakawa dam basin, and

12 years from 1 October 2002 to 30 September 2014 for the

Sagae Dam basin. Figure 2 shows the mean annual precipi-

tation and runoff of each basin, in which the runoffs in the

Shirakawa Dam basin and the Sagae Dam basin are higher

than that of the Sameura Dam basin because of the volcanic

rock formations and the snowy region. Because of the cold

climate with heavy snowfall in the Shirakawa Dam basin and

the Sagae Dam basin, rainfall data at some stations are not

available in the winter season.

The daily hydrological model for a hilly or mountainous

basin was proposed by Ando (1989), and subsequently, the

model was modified by Fujimura et al. (2012) to cope with

an hourly time scale. The hourly hydrological model used in

this study mainly comprises three components: the Diskin–

Nazimov rainfall infiltration model (Diskin and Nazimov,

1995, 1996), groundwater recharge and groundwater runoff

calculations, and a direct runoff component that represents

surface water storage within the basin. The basin was divided

into a 500 m mesh, and at each grid the rainfall was estimated

by an inverse distance weighting method using each rainfall

gauge in the basin. Also at each grid, the infiltration rate and

then the excess rainfall were calculated. A detailed expla-

nation of the model and the calibration of the parameters,

Proc. IAHS, 371, 69–73, 2015 proc-iahs.net/371/69/2015/



K. Fujimura et al.: Generalization of parameters in the storage–discharge relation for a low flow 71

Table 1. Elevations and rock formations of study basins.

Basin Elevation (m) Geology: rock formation (%)

Min. Max. Ave. Quaternary Neogene Paleozoic Mesozoic Total

Sameura 324 1880 910 1.8 0.0 0.5 97.7 100.0

Seto River 369 1498 911 0.9 0.0 0.0 99.1 100.0

Shirakawa 321 2029 697 2.4 87.2 9.4 1.0 100.0

Sagae 280 1972 863 14.4 32.4 2.9 50.3 100.0

Figure 2. Mean annual precipitation and runoff of (a) Sameura Dam basin, (b) Shirakawa Dam basin, and (c) Sagae Dam basin. (∗ Data not

available for winter season.)

except K and N , have already been described in previous

studies (Fujimura et al., 2001, 2012).

3 Sensitivity analysis

A sensitivity analysis is performed efficiently for six N val-

ues in the range between 1 and 100 000, changing K in a

small range in the neighborhood of Eq. (3). Each simulation

and the two parameters were assessed using the average daily

runoff relative error (ADRE):

ADRE=

∑(
|Qcal−Qobs|

Qobs
· 100

)
n

(%), (4)

where Qcal is the calculated mean daily total runoff, Qobs is

the observed mean daily total runoff, and n is the number of

evaluated observations. The ADRE is focused on low flow

between the 15th and 97th percentile of the flow duration

curve of each basin.

The results of this sensitivity analysis are shown in Ta-

ble 2, in which the first three columns shows the analysis

conditions: the selected N , the range of values of K , and

the step intervals for the simulation. The remaining columns

show the obtained optimum values of K and ADRE for each

basin. The ADRE values are shown to five or six significant

figures in order to distinguish the differences when the value

of N is higher. The ADRE curves with theK ranges for each

selected N value are shown in Fig. 3a, and the relationship

between the combination of optimum values of N and K to

obtain the minimum ADRE is shown in the log–log graph in

Fig. 3b for the Sameura Dam basin. The plot of logK against

logN with the minimum ADRE yields a straight line that is

corresponds to Eq. (3), K = 1/(αNβ ), in which the value of

β is 1.004 in the range of N from 100 to 100 000. Table 3

summarizes the optimum values of α and β, and the corre-

lation coefficient R2 for the four study basins. The β value

can be assumed to be 1 because the β values for all study

basins are approximately 1. Examples of the observed and

simulated hydrographs obtained using the optimum values of

α and β (= 1) are presented in Fig. 4 for the Sameura Dam

basin (a) and the Shirakawa Dam basin (b). Figure 5 shows

the observed and simulated flow duration curve for two se-

lected case, the Sameura Dam basin (a) and the Shirakawa

Dam basin (b). In all cases including these two cases, for

low flow (> ca. 80th percentile), the simulated flow duration

curve follows the observed one when using N = 100 than

N = 2, which was ever used to.

4 Discussion

The K–N relation, Eq. (3), is important for low flows of

long periods when considering the optimum parameters in

the storage–discharge Eq. (2). Assuming of β = 1 in Eq. (3)

leads to the following inversely proportional function:

K =
1

αN
. (5)

Although the optimum values of N are high values between

100 and 100 000, the ADRE values are almost the same

for N = 100 and 100 000, which means that we can adopt

N = 100 for practical purposes in engineering, such as wa-

ter resource management. The value of 100 for N might be
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Table 2. Analysis conditions and simulated optimum values of K and ADRE for each basin.

Analysis condition Sameura basin Seto River basin Shirakawa basin Sagae basin

N K range K step Opt. K ADRE Opt. K ADRE Opt. K ADRE Opt. K ADRE

1 0.06–0.30 0.01 0.12 48.971 0.055 78.586 0.082 41.049 0.052 31.253

2 0.015–0.064 0.001 0.031 38.625 0.014 74.293 0.021 38.096 0.011 30.065

10 0.0020–0.0060 0.0001 0.0034 32.294 0.0016 72.101 0.0027 36.304 0.0012 28.955

100 0.00016–0.00064 0.00001 0.00031 31.214 0.00014 71.828 0.00025 35.933 0.00011 28.684

103 1.6× 105–5.5× 105 1.0× 106 3.0× 105 31.108 1.4× 105 71.798 2.4× 105 35.897 1.1× 105 28.664

104 1.6× 106–6.5× 106 1.0× 107 3.0× 106 31.098 1.4× 106 71.7954 2.4× 106 35.8936 1.1× 106 28.662

105 1.6× 107–5.5× 107 1.0× 108 3.0× 107 31.097 1.4× 107 71.7951 2.4× 107 35.8933 1.1× 107 28.661

Figure 3. Relationship between K and minimum ADRE (a), and relationship between exponent N and constant K in the log–log graph (b)

for the Sameura Dam basin.

Table 3. Optimum values of parameters α and β, and the correlation

coefficient R2.

Basin Sameura Seto Shirakawa Sagae

Dam River Dam Dam

α 31.9 71.4 39.5 90.9

β 1.004 1 1.005 1

R2 1 1 1 1

extremely high compared with those in the previous studies

(Ding, 2011; Wittenberg, 1994, etc.), possibly because low

flows cause natural complex phenomena to cumulate in wide

basins during long periods (Smakhtin, 2001). Substituting

N = 100 into Eq. (5) for practical use leads to the follow-

ing simplified equation:

K =
1

100α
. (6)

Using these results, the storage–discharge relations given by

Eq. (2) can be rewritten in the following form:

Q=

(
S

100α

)100

. (7)

Comparison of Eqs. (2) and (7) reveals that Eq. (7) has one

less parameter and may be applicable to practical use. How-

ever, in future work, the parameter α in Eq. (7) should be

Figure 4. Examples of the observed and simulated hydrographs for

the Sameura Dam basin (a) and the Shirakawa Dam basin (b).

investigated and determined specifically for each basin. Al-

though the hydrological model used in this study would have

uncertainties in the other parameters of the model and in

the condition of calculation, i.e., the time step, the approach

of this study is crucial for optimizing the parameters in the

storage-discharge relations to improve the estimation of low

flows.
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Figure 5. Examples of the observed and simulated flow duration curves for the Sameura Dam basin (a) and the Shirakawa Dam basin (b).

5 Conclusions

The sensitivity analysis of efficiency for four mountainous

basins during long periods was performed for six N values

in the range of 1–100 000. The result showed that parameter

β equalled 1; therefore, the K–N relations were represented

by an inversely proportional equation when the value of N

is higher, such as more than 100. In addition, the storage–

discharge relations were presented as a simplified equation

using the new K–N relations, and it was suggested that the

equations may be applicable for practical use in engineering,

such as water resource management, at the present and in

the future. The problem of investigating and specifying one

parameter, α, for each basin remains.
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